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LECTURE24

Multivariable functions II

24.1 Tangent plane

Definition 24.1 (Tangent plane). Let f = f (x, y) be a function of two variables and let

P (x0, y0, f (x0, y0)) be a point on the graph of f . Suppose C1 and C2 are the intersections

of the surface z = f (x, y) with the plane y = y0 and x = x0 respectively. Let T1 and T2

be the tangent lines to the curves C1 and C2 at point (x0, y0). Then, if it exists, the plane

containing T1 and T2 is called the tangent plane to f at point (x0, y0).

Figure 24.1: Ideas of a tangent plane.

Recall that the equation of the plane in point-normal form passing through point

P (x0, y0, z0) is of the form

A(x −x0)+B(y − y0)+C (z − z0) = 0

1
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Assuming that the plane is not vertical, we have C 6= 0. Therefore, the equation of the

plane can be rewritten as

z − z0 = a(x −x0)+b(y − y0).

The tangent line to C1 at P is obtained by taking y = y0 i.e.

z − z0 = a(x −x0).

Since fx (x0, y0) is the slope of the tangent line to C1 at P . Therefore, a = fx (x0, y0).

Similarly, b = fy (x0, y0). Thus the equation of the tangent plane is

z = z0 + fx (x0, y0)(x −x0)+ fy (x0, y0)(y − y0).

Example 24.1. Find the equation of the tangent plane to the elliptic paraboloid z =
2x2 + y2 at the point (1,1,3).

Solution. Let f (x, y) = 2x2+y2. Then fx (x, y) = 4x and fy (x, y) = 2y so that fx (1,1) = 4

and fy (1,1) = 2. Hence, the equation of the tangent plane at (1,1,3) is given by

z = 3+4(x −1)+2(y −1) or z = 4x +2y −3.

24.2 Di�erentiability of multivariable functions

Definition 24.2. A function f of two variables is said to be differentiable at (x0, y0)

provided fx (x0, y0) and fy (x0, y0) both exist and

lim
(∆x,∆y)→(0,0)

∆ f − fx (x0, y0)∆x − fy (x0, y0)∆y√
(∆x)2 + (∆y)2

= 0

A function f of three variables is said to be differentiable at (x0, y0, z0) provided

fx (x0, y0, z0), fy (x0, y0, z0) and fz (x0, y0, z0) exist and

lim
(∆x,∆y,∆z)→(0,0,0)

∆ f − fx (x0, y0, z0)∆x − fy (x0, y0, z0)∆y − fz (x0, y0, z0)∆z√
(∆x)2 + (∆y)2 + (∆z)2

= 0

Example 24.2. Prove that f (x, y) = x2 + y2 is differentiable at (0,0).

Solution. The increment is

∆ f = f (0+∆x,0+∆y)− f (0,0) = (∆x)2 + (∆y)2

Since fx (x, y) = 2x and fy (x, y) = 2y , we have fx (0,0) = fy (0,0) = 0, and

lim
(∆x,∆y)→(0,0)

(∆)2 + (∆y)2√
(∆)2 + (∆y)2

= lim
(∆x,∆y)→(0,0)

√
(∆)2 + (∆y)2 = 0

Therefore, f is differentiable at (0,0).
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Remark 24.3. Let us define for (∆x,∆y) 6= (0,0)

ε := ε(∆x,∆y) = ∆ f − fx (x0, y0)∆x − fy (x0, y0)∆y√
(∆x)2 + (∆y)2

,

and for ε(0,0) := 0. By definition of differentiability we have

lim
(∆x,∆y)→(0,0)

ε(∆x,∆y) = 0.

Immediately, by definition of ε, we have

∆ f = fx (x0, y0)∆x + fy (x0, y0)∆y +ε
√

(∆x)2 + (∆y)2.

In other words, if f is differentiable at (x0, y0), then ∆ f may be expressed as shown

above, where ε→ 0 as (∆x,∆) → (0,0) and further ε= 0 when (∆x,∆y) = (0,0).

Theorem 24.4. If a function is differentiable at a point, then it is continuous at that

point.

Proof. Assume that f is differentiable at (x0, y0). To prove that f is continuous at

(x0, y0) we must show that

lim
(∆x,∆y)→(0,0)

f (x0 +∆x, y0 +∆y) = f (x0, y0)

By this lim(∆x,∆y)→(0,0)∆ f = 0. However,

lim
(∆x,∆y)→(0,0)

∆ f = lim
(∆x,∆y)→(0,0)

[
fx (x0, y0)∆x + fy (x0, y0)∆y +ε(∆x,∆y)

√
(∆x)2 + (∆y)2

]
= 0

Theorem 24.5. If all first-order partial derivatives of f exist and are continuous at a

point, then f is differentiable at that point.

Example 24.3. Consider the function f (x, y, z) = x + y z. Since

fx (x, y, z) = 1, fy (x, y, z) = z, fz (x, y, z) = y

are defined and continuous everywhere. We conclude that f is differentiable every-

where.

24.3 Di�erentials and linear approximations

Definition 24.6 (Total differential).

If z = f (x, y) is differentiable at a point (x0, y0), we let

d z = fx (x0, y0)d x + fy (x0, y0)d y
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denote a new function with dependent variable d z and independent variables d x and

d y. We refer to this function (also denoted d f ) as the total differential of z at (x0, y0)

or as the total differential of f at (x0, y0). Similarly, for a function w = f (x, y, z) of three

variables we have the total differential of w at (x0,, z0),

d w = fx (x0, y0, z0)d x + fy (x0, y0, z0)d y + fz (x0, y0, z0)d z

which is also referred to as the total differential of f at (x0, y0, z0). It is common practice

to omit the subscripts and write as

d z = fx (x, y)d x + fy (x, y)d y

d w = fx (x, y, z)d x + fy (x, y, z)d y + fz (x, y, z)d z

As with the one-variable case, the approximations

∆ f ' fx (x0, y0)∆x + fy (x0, y0)∆y

for a function of two variables and the approximation

∆ f ' fx (x0, y0, z0)∆x + fy (x0, y0, z0)∆y + fz (x0, y0, z0)∆z

for a function of three variables have a convenient formulation in the language of

differentials. In the two variable case, the approximation

∆ f ' fx (x0, y0)∆x + fy (x0, y0)∆y

can be written in the form ∆ f ' d f for d x =∆x and d y =∆y .

Figure 24.2: Differentials and linear approximations of multi-variable functions.

Example 24.4. Approximate the change in z = x y2 from its value at (0.5,1) to its value

at (0.503,1.004). Compare the magnitude of the error in this approximation with the

distance between the points (0.5,1) and (0.503,1.004).
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Solution. For z = x y2 we have d z = y2d x + 2x yd y . Evaluating this differential at

(x, y) = (0.5,1.0), using

d x =∆x = 0.503−0.5 = 0.003 and d y =∆y = 1.004−1.0 = 0.004

we have have

d z = 1.02(0.003)+2(0.5)(1.0)(0.004) = 0.007.

Since, z = 0.5 at (x, y) = (0.5,1.0) and z = 0.507032048 at (x, y) = (0.503,1.004), we have

∆z = 0.507032048−0.5 = 0.007032048

and the error in approximating ∆z by d z has magnitude

|d z −∆z| = |0.007−0.007032048| = 0.000032048.

Since the distance between (0.5,1.0) and (0.503,1.004) = (0.5+∆x,1.0+∆y) is√
(∆x)2 + (∆y)2 =

√
(0.003)2 + (0.004)2 =p

0.000025 = 0.005,

we have
|d z −∆z√

(∆x)2 + (∆y)2
= 0.000032048

0.005
= 0.0064096 < 1

150
.

Thus, the magnitude of the error in our approximation is less than
1

150
of the distance

between the two points.

Definition 24.7 (Local linear approximation).

Since the tangent plane to the surfacez = f (x, y) at P (x0, y0, f (x0, y0)) is very close to the

surface at least when it is near P, we may use the function defining the tangent plane as

a linear approximation to f . Recall that the equation of the tangent plane to the graph

of f (x, y) at P is

z = f (x0, y0)+ fx (x0, y0)(x −x0)+ fy (x0, y0)(y − y0).

When f (x, y) is differentiable at (x0, y0) we refer to

L(x, y) = f (x0, y0)++ fx (x0, y0)(x −x0)+ fy (x0, y0)(y − y0)

as the local linear approximation to f at (x0, y0).

For a function f (x, y, z) that is differentiable at (x0, y0, z0) the local linear approxi-

mation is

L(x, y, z) = f (x0, y0, )++ fx (x0, y0, z0)(x−x0)+ fy (x0, y0, z0)(y−y0)+ fy (x0, y0, z0)(z−z0).
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Example 24.5. Let L(x, y) denote the local linear approximation to f (x, y) =
√

x2 + y2

at the point (3,4). Compare the error in approximating

f (3.04,3.98) =
√

(3.04)2 + (3.98)2

by L(3.04,3.98) with the distance between the point (3,4) and (3.04,3.98).

fx (x, y) = x√
x2 + y2

and fy (x, y) = y√
x2 + y2

with fx (3,4) = 3

5
and fy (3,4) = 4

5
. Therefore, the local linear approximation to f at

(3,4) is given by

L(x, y) = 5+ 3

5
(x −3)+ 4

5
(y −4)

Consequently,

f (3.04,3.98) ' L(3.04,3.98) = 5+ 3

5
(0.04)+ 4

5
(y −4) = 5.008

Since

f (3.04,3.98) =
√

(3.04)2 + (3.98)2 ' 5.00819

the error in the approximation is about 5.00819−5.008 = 0.00019. This is less than
1

200
of the distance √

(3.04−3)2 + (3.98−4)2 ' 0.045

between the points (3,4) and (3.04,3.98).

24.4 Chain rules for partial di�erentiation

Definition 24.8 (Chain rules).

If x = x(t ) and y = y(t ) are differentiable at t and if z = f (x, y) is differentiable at the

point (x, y) = (x(t ), y(t )), then z = f (x(t ), y(t )) is defferentiable at t and

d z

d t
= ∂z

∂x

d x

d t
+ ∂z

∂y

d y

d t

where the ordinary derivatives are evaluated at t and the partial derivatives are evalu-

ated at (x, y).

If x = x(u, v) and y = y(u, v) have first-order partial derivatives at the point (u, v)

and if z = f (x, y) is differentiable at the point (x, y) = (x(u, v), y(u, v)), then

z = f (x(u, v), y(u, v))

has first order partial derivatives at the point (u, v) given by

∂z

∂u
= ∂z

∂x

∂x

∂u
+ ∂z

∂y

d y

du
and

∂z

∂v
= ∂z

∂x

∂x

∂v
+ ∂z

∂y

d y

d v
.
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Figure 24.3: Chain rule: For differentiating z = f (x(t ), y(t )), with respect to x and y
(left). For partial derivatives (right)

Example 24.6. Suppose that z = x2 y, x = t 2, and y = t 3. Then by chain rule

d z

d t
= ∂z

∂x

d x

d t
+ ∂z

∂y

d y

d t
(2x y)(2t )+ (x2)(3t 2) = (2t 5)(2t )+ (t 4)(3t 2) = 7t 6.

Example 24.7. Suppose that w = x2 + y2 − z2 and

x = ρ sinφcosθ, y = ρ sinφsinθ, z = ρ cosφ.

Find
∂w

∂ρ
and

∂w

∂θ
.

Solution. From the chain rule, we obtain,

∂w

∂ρ
= ∂w

∂x

∂x

∂ρ
+ ∂w

∂y

∂y

∂ρ
+ ∂w

∂z

∂z

∂ρ

= 2x sinφcosθ+2y sinφsinθ−2z cosφ

= 2ρ sin2φcos2θ+2ρ sin2φsin2θ−2ρ cos2φ

= 2ρ sin2φ(cos2θ+ sin2θ)−2ρ cos2φ

= 2ρ(sin2φ−cos2φ) =−2ρ cos2φ,

and

∂w

∂θ
= ∂w

∂x

∂x

∂θ
+ ∂w

∂y

∂y

∂θ
+ ∂w

∂z

∂z

∂θ

= 2x(−ρ sinφsinθ)+2yρ sinφcosθ−0

= −2ρ2 sin2φsinθcosθ+2ρ2 sin2φsinθcosθ

= 0

24.4.1 Implicit di�erentiation

Remark 24.9. Let z = f (x, y) be a differentiable function of x. Then

d z

d x
= ∂ f

∂ f

d x

d x
+ ∂ f

∂y

d y

d x
= ∂ f

∂x
+ ∂ f

∂y

d y

d x
.
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When f (x, y) = const ant , then

∂ f

∂x
+ ∂ f

∂y

d y

d x
= 0

Theorem 24.10. If the equation f (x, y) = const ant defines y implicitly as a differen-

tiable function of x, and if
∂ f

∂y
6= 0, then

d y

d x
=−∂ f /∂x

∂ f /∂y
.

Example 24.8. Given that x3 + y2x −3 = 0, find
d y

d x
.

Solution. Let

f (x, y) = x3 + y2x −3.

Then
d y

d x
=−∂ f /∂x

∂ f /∂y
=−3x2 + y2

2x y
.

24.5 Extrema of multivariable functions

Definition 24.11 (Extrema of multivariable functions).

A function f of two variables is said to have a relative maximum at a point (x0, y0) if

there is a disk centered at (x0, y0) such that f (x0, y0) ≥ f (x, y) for all points (x, y) that

lie inside the disk, and f is said to have an absolute maximum at (x0, y0) if f (x0, y0) ≥
f (x, y) for all points (x, y) in the domain of f .

A function f of two variables is said to have a relative minimum at a point (x0, y0)

if there is a disk centered at (x0, y0) such that f (x0, y0) ≤ f (x, y) for all points (x, y) that

lie inside the disk, and f is said to have an absolute maximum at (x0, y0) if f (x0, y0) ≤
f (x, y) for all points (x, y) in the domain of f .

Figure 24.4: Extrema of multivariable functions.
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Theorem 24.12 (Extream value). If f (x, y) is continuous on a closed and bounded set

R, then f has both an absolute maximum and an absolute minimum on R.

Definition 24.13. A point (x0, y0) in the domain of a function f (x, y) is called a critical

point of the function if

fx (x0, y0) = 0 = fy (x0, y0)

or if at least one partial derivatives do not exist at (x0, y0).

Definition 24.14 (Saddle point).

If f (x, y) has neither a relative maximums nor a relative minimum at a critical point

(x0, y0), then it is called a saddle point of f . In general, the surface z = f (x, y) has a

saddle point at (x0, y0) if there are two distinct vertical planes through this point such

that the trace of the surface in on of the planes has a relative maximum and the trace

in the other has a relative minimum at (x0, y0).

Figure 24.5: Saddle point: The function f (x, y) = y2 − x2 has neither a relative maxi-
mum nor a relative minimum at the critical point (0,0).

Theorem 24.15 (The second partials test).

Let f be a function of two variables with continuous second-order partial derivatives

in some disk centered at a critical point (x0, y0), and let

D = fxx (x0, y0) fy y (x0, y0)− f 2
x y (x0, y0)

1. If D > 0 and fxx (x0, y0) > 0, then f has a relative minimum at (x0, y0).

2. If D > 0 and fxx (x0, y0) < 0, then f has a relative maximum at (x0, y0).

3. If D < 0, then f has a saddle point at (x0, y0).

4. If D = 0, then no conclusion can be drawn.

Example 24.9. Locate all relative extrema and saddle points of

f (x, y) = 3x2 −2x y + y2 −8y.
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Solution. Since fx (x, y) = 6x−2y and fy (x, y) =−2x+2y , the critical points of f satisfy

the equations

6x −2y = 0 and −2x +2y −8 = 0.

Solving these equations for x and y yields x = 2 and y = 6, so (2,6) is the only critical

point. To apply the second partials test, we need the second-order partial derivatives

fxx (x, y) = 6, fy y (x, y) = 2, fx y (x, y) =−2.

At the point (2,6), we have

D = fxx (2,6) fy y (2,6)− f 2
x y (2,6) = (6)(2)− (−2)2 = 8 > 0

and fxx (2,6) = 6 > 0 so f has a relative minimum at (2,6).
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